A hyperbolic heat conduction (HHC) equation has been proposed to replace Fourier heat conduction equation in cases heat transfer takes place in a very short period of time or at extremely low temperature. There is a growing interest in the investigation of HHC problem in recent years, but to the author's knowledge, HHC in composite media in multidimension has not been studied up to date. This paper presents a numerical method to solve two-dimensional HHC in composite materials. The numerical method used in the paper is free of oscillation in predicting the solution of hyperbolic systems encountering discontinuities. The key to solve HHC in composite media is to keep both temperature and heat flux continuous at the interfaces. The HHC equation is non-dimensionalized in a way, so that the HHC problem in composite media can be solved in nondimensional form.
Introduction
In situations dealing with transient heat transfer in an extremely short period of time and at a temperature near absolute zero, the wave nature of heat propagation can be observed. Peshkov 1 performed one of the earliest experiments to detect thermal waves in liquid helium in 1944. In order to account for the wave phenomenon of heat transportation, a modified heat flux equation was proposed by Vernotte 2 and Cattaneo, 3 instead of Fourier's law of heat conduction. In 1984, thermal shocks were observed reflecting from the liquid-vapor interface in superfluid helium by Torczybski, et al. 4 using a conventional schlieren system. Frankel, et al. 5 gave a theoretical investigation of the observed reflections of thermal waves. They presented a general one-dimensional temperature and heat flux formulation for hyperbolic heat conduction in composite materials, as well as a general solution by using a generalized finite integral transform technique.
Present work studies two-dimensional HHC in composite media using characteristics. The method of characteristics has been used to solve one-dimensional and two-dimensional HHC in homogeneous materials, 6, 7 but not in composite materials. The governing equation of HHC is first non-dimensionalized by using a reference material. The non-dimensional equations are expressed in vector form and are transformed from the Cartesian coordinates to the bodyfitted coordinates (BFC) in order to make calculations in complex geometry. The method of fractional step is employed to split a two-dimensional equation into two independent one-dimensional equations. Roe-Sweby's second order explicit TVD scheme 6 is introduced to solve each of the two one-dimensional equations. The characteristics are used to determine the unknown values, either heat flux or temperature, at the boundaries and interfaces. For simplicity, zeroth order approximation of characteristics is applied.
For the parabolic heat conduction (PHC) in composite materials, the thermal conductivity at the interface can be found as the harmonic mean value of adjacent conductivities. In HHC, however, other than thermal conductivity, there are two more properties, thermal diffusivity and relaxation time; therefore, interfacial properties are difficult to be found. Instead, in this work, temperature and heat flux at the interface are calculated explicitly using characteristics, assuming that both heat flux and temperature are continuous at the interface.
Mathematical Formulation and Analysis
The non-dimensional form of HHC equation has been widely used, [6] [7] [8] [9] [10] [11] [12] [13] but none of the physical properties appears in the form. Therefore, non-dimensional HHC equations in that form can't be used directly to investigate the thermal wave phenomena in composite materials. In this section the governing equations of HHC are non-dimensionalized in a way, so that physical properties of different materials can be expressed in non-dimensional equations, in consequence, the HHC in composite materials can be studied in nondimensional form. The obtained non-dimensional HHC equations are then transformed to the curvilinear coordinates.
Two-dimensional HHC Equations in The x-y Coordinates
The two-dimensional governing equations of HHC in the x-y coordinates are given by 
where,
Two-dimensional HHC Equations in The Curvilinear Coordinates
To simplify the implementation of boundary conditions, the domain of interest is transformed from the physical space to the computational space, which is in rectangular shape. The governing equations of HHC in 2-D need to be transformed from the physical coordinates ( x , y ) to the computational coordinates ( ξ , η ) as well, such that calculations are carried out in the computational coordinates rather than in the physical coordinates.
The physical coordinates ( x , y ) and the computational coordinates ( ξ , η ) are related by ) ,
Then the governing equations of HHC in the computational coordinates can be found from Eqs. (3a), (3b) and (3c) as
The metrics in Eqs. (6a), (6b) and (6c) are given by the following expressions:
where the Jacobian of transformation is given by
Eqs. (6a), (6b) and (6c) can be rewritten as the following vector form:
Eq. (8a) can also be written as
where, the Jacobian matrix ]
The matrix ] [ A in Eq. (8b) may be diagonalized as: Similarly, the eigenvalues, the matrix of eigenvalues, the right eigenmatrix and the inverse of the right eigenmatrix of matrix ]
[B are found to be 
Numerical Method

Numerical Scheme
Roe-Sweby's TVD scheme is used in this work to solve HHC equations in the composites. Detailed description of the scheme can be found in a reference. 16 Here the explicit TVD scheme is extended to two-dimensional problems by the fractional step method. The two-dimensional hyperbolic heat conduction system can then be solved by the following steps:
is evaluated by
is the following numerical flux obtained from the first-order upwind scheme:
is given by
For more information about the implementation of RoeSweby's TVD scheme to two-dimensional HHC equations, and the treatment of boundary conditions, references 14, 15 can be used.
Heat Flux and Temperature at Interfaces
Without losing generality, a composite medium consisting of two materials is considered. As shown in Fig.  1 , the composite media is made of material 1 and material 2, and an interface exists between the two materials. At the interface of two adjacent regions, a physical condition should be satisfied, i.e., both temperature and heat flux must be continuous. 
Sample Applications
One-dimension with Two Materials
The simplest problem of HHC in composite medium is that material properties, as well as the temperature distribution, change only in one space direction. Let's Consider HHC in a rectangular cavity with dimensionless size of 1 . 0 0 . 1 × . Assuming the top and bottom boundaries of the rectangular cavity are insulated, the problem becomes one-dimensional. The cavity consists of region 1 and region 2, and each of them is made of a different material. A pulsed volumetric source of width x ∆ is provided at the left side of region 1 adjacent to 0 = x . The source can be described as The same rectangular cavity, boundary conditions, and pulsed volumetric source as those used in the previous examples are applied here. Unlike the previous example, which considered two materials, this example considers three materials. The dimensionless temperature in the cavity is initially 0 everywhere. The source here may be written as
where
, and 1 3 = x . In the numerical computation, the CFL is 0.5, and 40 400 × control volumes are used.
The influences of k , α , and τ on the thermal wave propagation are studied in this example. Figure 4 shows the effect of k on the temperature distributions at 7 . Figure 4 clearly shows that thermal conductivity has no influence on wave speed as well as the pulse width, as we expected. In region 1, the thermal waves are reflected from the left boundary and propagate to the right; in region 2, they are reflected from the interface between regions 2 and 3 and propagate to the left; in region 3, the initial waves propagate to the right with their wave fronts reach at 75 . 0 = x . In the following space, the results of HHC in composite media in multi-dimension are presented. Without losing generality, we assume a rectangular cavity composed of three materials. The left half of the cavity is made of material 1, and the right half of the cavity is made of materials 2 and 3 respectively, as shown in Fig. 7 . For simplicity, the bottom and top walls and the wall at the right-hand side of the cavity are insulated, while a constant temperature of 4 = T is maintained at the left-hand side. Figure 8 shows temperature distributions when all the three regions are made of a single material (material 1). As expected, the temperature distribution is independent of y when three regions have the same material. Figure 9 shows the influences of thermal conductivity k on the thermal wave propagation, and α and τ are kept constant. Comparing Fig. 8 with Fig. 9 , it is obvious that k has no influence on the thermal wave speed, but affects the temperature value. Generally speaking, higher k gives lower temperature, i.e., at the same x location, the temperature in region 2 is lower than that in region 3. The influence of thermal diffusivity α on the thermal wave propagation is exhibited in Fig. 10 . The values of k and τ are kept constant. As observed in one-dimension situation, larger α (region 2) results in higher thermal wave speed, and smaller α (region 3) results in lower thermal wave speed. The thermal wave in region 2 moves faster than that in region 3. Near the top and bottom boundaries, sharp discontinuities can be seen in the vicinity of the thermal wave fronts. Near the interface between regions 2 and 3, however, no such discontinuities are observed, because of the wave reflection and interaction cased by the difference of α . . Temperatures in the front of reflected waves are not affected, while those behind the reflected waves are changed. Unlike in one-dimensional case, the temperature distribution here caused by reflection is a function of both x and y , for τ is different in region 2 and region 3, and the strength of reflected waves is affected by the value of τ too. The thermal wave in region 2 moves slower than that in region 3, because τ is larger in region 2 than that in region 3, as mentioned in one-dimensional situation. The same as that obtained for the influence of α , there is no sharp discontinuities in the vicinity of the thermal wave front near the interface of regions 2 and 3, because of the wave reflection and interaction caused by the difference of τ . 
Conclusions
An explicit TVD scheme is used to solve HHC equations in composite media, by using characteristics to handle the interfaces between different materials. The present numerical solution is compared with known analytical solution in one-dimensional applications in the open literature, and they agree very well. The influences of material properties such as thermal conductivity, thermal diffusivity and relaxation time on the thermal wave propagation are investigated numerically for both onedimensional and two-dimensional applications. Numerical solutions give expected results.
